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Syllabus

Module-I: Partial Differential Equations

» Origin of Partial Differential Equations, Linear and Non-Linear Partial Differential
Equations of first order

» Lagrange’s Equations method to solve Linear Partial Differential Equations

» Charpit’s method to solve Non-Linear Partial Differential Equations,

» Solution of Linear Partial Differential Equation of Higher-order with constant
coefficients

» Equations reducible to linear partial differential equations with constant

coefficients.
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Differential Equation __EQ__
An equation containing the dependent variable, independent variable and the

derivative of the dependent variable with respect to the independent variable is known as a
differential equation.
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@__ Differential Equation @.

Ordinary Differential Equation Partial Differential Equation

Ordinary Differential Equation (ODE)
A differential equation containing ordinary derivatives :

d* d
Doz +25;+y =0

M)dxz -xy+y-x2



Partial Differential Equation (PDE)
A differential equation containing partial derivatives :

®
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Order and Degree of a PDE

®

Order of PDE

Order of PDE is the order of highest order derivatives :



&

Degree of PDE

Degree of PDE is degree of highest order derivatives in equation, provided it is free
from radical and fractional power.




Linear PDE Q@
A PDE Is said to be linear; if dependent variable and its partial derivatives present only in

first degree and not multiplied together.

2 2
ST b s 12d ~ 2
@A\ * 3 +5=2% Linear N 1
(B)r7p+xq=x Linear o

(L):—: +—=z+xy Linear




Non-Linear PDE

A PDE which is not linear is called non-linear PDE

(1) (3—:)2 % = (:—:) Non-Linear
(@) @ % =X Non-Linear

&), + yg—'; = Non-Linear




Typeof first order PDE

() Linear p= 22

(ii) Semi - Linear "

(III)Quasi-Llnear ¢ = %_Z' =
/

(1) Linear:
A firstorder PDEf(x, y; z, p, q) = 0 is known asllnaarkfltb'llnwln P q mdzlaadls'of

the form
PG.7)P +Q0.y)q =RG.7)5 + 56.9) |

Example

P+ yq =2+

yx*p+ x’y*q =xyz +x°y*




(2) Semi - Linear: 99

A first order PDE f(x, y; 2z, p, q) = 0 is known asseml-ﬂnanrllﬁtbllnearln P, q and Is of the
form

PG, y)p +Q(x,y)q =R(x, 5 2)

Example

xX*yp + x*yiq =x’y*z*




&
(3) Quasi - Linear:
A firstorder PDEf(x, y, 2, p, q) = 0 is known as Quasl-llnaarkﬂtbllneartn pand anndB
of the form

PG,y,z)p +Q(,%2)q =R(x,52)

Example

e z’P +yxqg=xyz

(x*=yz)p+ (y*—zx)q=2*-xy
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By elimination of arbitrary constants By elimination of arbitrary functions

By elimination of arbitrary constants
Let F(x,y, z,a, b) =0 (D
be the given function, where a and b are arbitrary constants

oF
Step 1 - Flnd-;;-o @

doF
Step2- Find|5- =0 Q)

Step 3 - Eliminate a, b (arbitrary constants) from equations (1), (2) and (3)
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Now, we get required PDE

CASE - |

If No. of arbitrary constants < No. of independent variables

Then we get more than one PDE of order one

)



Q.1Find PDE by eleminating a fromz = ax + y.

e
Z=an+y —®
Favhally Diff wt Mmf?
i
I (R
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CASE - I

If No. of arbitrary constants = No. of independent variables

Then we get only one PDE of order one



Q.2 Form partial differential equation by eliminating the arbitrary constants: PQ

z=ax+a*+b?+by 2 — p+o+o+b

(v em)

Z = am + al—!—bz%—bg —Q vy

Paxhrally diff Wb andy | Frpon e ©,0 M:f@

Y — @& 6+ D0 BN
I

4> =0 =0 —Z_-_\>v\+\>l+{'+ﬂ(




Q.3 Form partial differential equation by eliminating the arbitrary constants: é&‘

z=(x+a)(y+b) %52-— = +a) (1+ 0)

C\\vc'/)

> — (w+a)(y+h) — O g_??— = k+x) —07
Pmmlla &(!g{) LW YT X ang(? Fvom @,@ and(®)
—hﬁ:(ﬁ%)““ﬁ i :—%‘-X%

== "0 {le=k




Q.4 Form the partial differential equation by eliminating a and b from z = (x* + a) 02+12.

biven _gi—_ = (n'+4) (1y+0)
> = (w+a) (Y +5) — ?_27_: o
thall? Iff- w1t m amd? (M?'M):—QJ?—X% B s o
&= (gihiuser Froi O, © and ®
As= SRS z =3t 253Y\%\”“§?’\
y+o)= e iz :% R




Q.5 Find the partial differential equation of all spheres whose centers lie on z-axis and
given by equations x* + y* + (z — a)*= b* ; a and b being constants.

OHVCV)
2 2
MZ+72'+<Z— 4) = b *@

farhally dif wvfwand?

2v\+o+2(?-—),é?j}x = 0

I+ 2(7-—0\)§%\:—

le- =

From eguation @

t —+2
P L
M —py=0
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CASE - il

If No. of arbitrary constants > No. of independent variables

moye. than oheé

Then we getAh@er order PDE



Q.6 Find PDE by eleminating a,b,c : 7 = on + bb + 9 i

1
Z = an+by + 1y —(D

Favh'aII? dl'{r( W Yt U

Favhaﬂ/] diff O "”Jf'? D L..@
% e rddin g O and@
Agﬂm Fq/hwuﬁl O{J'H{w)’é—?

X{io

S
A?fmn \Wﬁ“ﬁ”} d\jg\ WY T W

1 _©
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By elimination of arbitrary constants

By elimination of arbitrary functions

Note :

dz 0z

Ox_p 0y—q

3z %z %z

— =T =S — =1
dx? dxdy ay?
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By elimination of arbitrary function

CASE -1

When given function is of the form of

NOTE :

z=f(x,y)

Order of PDE = 1

\z\)lf\(n Szm%i( 5‘4”()70‘/7
| S 7\\/ a4
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Q.1 Form the partial differential equation by eliminating the arbitrary function from

Z=f(x* - y?)
cIER L PR

Fo\ym!!? Dl% W YT K

?ayh'ally Dz% WV}*\& (Sem. 2015)
Lo —M“a‘) Gy
d = flEP Rl —27)
o4
g -2y |0) — £
DWW L A (8= @ E o _:VL
N e N
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When given function is of the form of

z=f,(x,y)+f:(x,)')

Note: Order of PDE > 1

®



Q.2 Form the partial differential equation by eliminating the arbitrary function from

the following : z=f(x+it)+g(x—it).

Z:’é M+[t)+2 Vl—(o{) —'"®
P(AYhO\HZ ”{;% W YE U
)7_ _ (v\ﬂt)?(, t 7 “ tt)

ﬁ%m T)‘A(W“HB &{\%{\ izt
)z - J%(Y\HQ + 6 Y\’LJO

(Sem. 2011)
Vavh'alla D% wrt €

)2 — £I(M+Z€)XZ + j}'(“'[t) X(‘i)

It
A gain }m\/’na ?ﬂft% wvt €

\62— B ﬁbﬁ—Lt}XLl‘*‘g“O\ LfZ)XL

Y-
dz o [ (“”Ucﬂ
ot

g S _“‘ (k) )TJ{\ b\i@} "®

ke







Q.3 Form the partial differential equation by eliminating the arbitrary function from the
following: Z=x+y+f(xy). 1_] . 6’0\?)?04 __@

AT Vi) NP
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Q.4 Form the partial differential equation by ellmlnatlng the arbltrary function from the

following : z = ¢(x). W(y)

2 = ¢0wx Y1) —O
fmvhall? dlﬁ) WYt N
2= doox v —©

O\YHM o{l% w“‘&
= qunyty) O
Pm(‘mﬂq i QA T WYL W
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02— dmrb'(y) —
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When given function is of the form of o (u,v)=0 = )Z g = J2

Where u and v are the functionof x,y, z

Steps - (1) Given @ (u,v) =0 Where u = Ufx,y,z) v=v(x,y, 2)

(2) Then PDE can be formed by | Pp+ Qq = R — @

p_u du du Ju du OJu
=3 d(u, v) ay a Q - =3 a(u' V) a 1R X = a(uv v) e E ay
a v dv e i dv dv A ey dv dv

90.2) dy 0z 9(zx) dx I(x.) ax ady

Put P, Q, R in @ to get required PDE



Q. 5 Formulate the PDE by eliminating the arbitrary function from

d)()\hr‘al,lgz+zt — 0O F: Z? ®) :(4[32 ZV\ Zl}
zlg L2 | ]Z = - ) :[/]V\g,
IJh e u:nz+lgl b( ) %(—4— _)_y_\| ? -
o = dwW " : and R m <
V :‘abf?— d )z, ) %iz _%_X, T L | /V\
Thon vequived PDE 12 qyzb-tnzg =M
\Q 2N
FF*Q{: ~® Q—‘lzz 0O = —iAs Laz\g_y\?_ft:“
M M
_duy) ‘\% % K:WMV) ::\?M ") OY(iCY:\
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First order Quasi-Linear PDE in standard form is called Lagrange’s Equation

/Pp-ﬂ-Qq:R

Where P, Q, R are function of x, y, z and |p = :—; , GC =

dy

Step to Solve questions
Step-1 Write down the PDE in standard form

Step-2 Write down the Auxiliary Equation

dx _ dy _ dz p—
R TR

(1) (n) ()




Step-3 Solve above auxiliary Equation by
(i) Method of Grouping
(ii) Method of Multipliers

Now we get two independent solutions in the form of

ulx,y,2) =¢;, — &
vix,y, z) =c; — @
Step-4 General Solution

®

¢(u,v)=0 |OR u=¢(v) | OR v=¢(u)




Q.1Solve: p+q=12z

prq =2
Heve P =
A
R =

Method of Grouping
Auy Es”
d_“ = i‘?— = di
P Q@ R
| €
T i m
L T

[4n = fdy
ow

% =Y+ ”_1092:6‘“
n-y =g —@ N
Q—LI ) hentev ok 50"’\}7'0‘”
d’T}— a 0_{22-_ d)(w—l})\«—hj? =0
Snwﬂ”‘kbm =

gdv\ = gf‘%

"= &0%7_ iy




Q2Solve: px+qy=z

fntiy=2
Heve
P:V\’ @: ==
Aux. Eq”
dn = 4y = £
T & .
I o)
A — d
N “\%’




Q.3 Solve the following partial differential equations :
- d
yzp—rzg =14 o=
|4 v< .-
frehyd Q= Wz;ﬁ“—"‘? Lady -
tu E?/” SLM? = _(V\(AK
v - 4=z e Y
Tl L
- il ré
T ; R B E < e
(-_L\ﬂ O e
o= P T
K ey = —0
| wq =

yzp — xzq = Xy

/ ’l )

l, — dz

e A
-A%Z‘ Az

= J
W{l};—zdz
oty ==
i_-‘g =

)

\,&'«}ZL""—(V—




Q.4 Solve the following partial differential equations: ptanx + qtany =tanz

b tunin + 9 }uw:} = BNz
He v

' = tahn | Q:(m?] R=tmnz

(otndn = (Ofgd*}

[okndn = [0ty
logsinn = Sy iy 228
Qogsmvx = Aoy Sty

ow

d —/
Tj{l} tan

Loty dy = otz Az
féob,d(z

Jw&gdj =
sz +4 0?61

Jlo}s Ny = = ko4
1o (N2 Xy
J{o%m\‘} = (’h

A\ =G0 — @
SN

W=D
Cb Qg ;\\VY\WAD %W}
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Q.5 Solve the following differential equations : -’ip+xzq=y2 1 o

_2_,}; + 1z 9 _—,7 <_l—,, ﬂ) (I’ :]I) Amcva\ {olwt10V]
Wb ey —y* n_ = “; in _ do (-, WE)=0
46 t]i{ ?77_ V\D/M .b
s I ARt A S
H Ak ) L S\’\L”‘“:H d} {\ij\_ gzdz
L - K =N
p=y42 ,Q we ! _V\}_:\_'EA/C SRS
N Jr.s 5 3 2
iddes ey = C =l
= = W= =
an :_Aig/—«ﬁ%}” 3 T
~2 \»\LZ g !




Q.6 Solve the following partial differential equations : y* p -xyq =x (z-2y) (Sem.2014)

AEETER ) R
e e -——Ww _ —ydz
F=3_ 0=""] K=utety) . ) g-2p)dy =4
Aux & : R
:dL—y\z;_—L whys = ¢ -:201
G =S ) T @ i
1 T S T ) =Y
_\_‘ﬂ> O\ %.EJ—L g(i(ﬁzB = &1\3&&%
VA;%(% S THE) |y = ;@; o







Q7 Solve: p+3q=>5z+tan(y-3x)

F_}-ZcL: ‘J_Z-}—[zn(?—SVL)
H{L
}7:
@—_—_3
K = She 4‘“”” BY\)
At B¢
i
i =& =™
= R8s -

(Sem. 2017)
—1 (473 = 27
LAk =R
==
\J_va\ 7 C\ _’®
m)
ju = Az
= ot bl
A \3"3“:’(\




n = AegbHC
5
e lo;(é‘z+fw) ey

5n —10?(52-/-('&}’1('7_3,1)) —
5w - bz}[gz 3% = (L

[ tnevad Solwtion)

d? b- W c—) WN“‘ wn@m)ﬂ N




Q.8 Solve th
e following differential equations : pz - gz = z*+ (x + y)*

Pz—izt:2?+%wWJL

H+ v¢€

=7 /@:—Z

K:_ZL—F (M+2>

i

Ay E{L

A :04 = =g

E N

T

i — dy
¥
d? e —-41/\
d} ‘——‘f”’y\
%-:—M+ﬁ
Why S g
@)
-4z
7 T4y

fub wth = )
du — 42
2 2=+ o™
de =JZO{Z "
Pu\t‘ ZL‘*'C(L_—’t
22J111¢%
zdlzdt
5
So\w S



éCVlCM( 501@1‘70?
¢ [\4 by 2 _/og(zl+nl%?L+%b)]
0K
4}[1/\1“}] J{og(zl+&+\f‘+2w‘0 Sawil="0
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Q.9 Solve the following differential equations : zxp +yzq =xy

5
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First order Quasi-Linear PDE in standard form is called Lagrange’s Equation

Pp +Qq = R

Where P, Q, R are functionof x, y, z and |p = % , g= :—;

Step to Solve questions
Step-1 Write down the PDE in standard form

Step-2 Write down the Auxiliary Equations

dx dy dz
£.2.2 Q0
(1) (n) (m)



Step-3 Solve above auxiliary by

®

(i) Method of Grouping (1, 11) , (I, 1) , (1, 1)

(ii) Method of Multipliers

Let two independent solutions are
ulx,y,z) =¢;, @
vix, y,2) =c; = @
Step-4 General Solution

@¢(u,v)=0 OR u=¢(v) OR v=g(u)



®

Method of Multiplier

dx _dy _dz

EDE e N
Let Multipliers (Py, Q4, Ry )

_ Pydx + Qqdy + Rydz
Each fraction = PPt Q0.1 RR,
-1

ype Type - 2

Select Multipliers in such a way that

Select Multiplier in such a way that

PP+ QQy+ RR.=0

Pidx + Q.dy + Rydz
Each fraction = —1——21°Y* 1
Pidx + Qudy + Rydz PP1+ QQ1+ RR,

Hence each fraction = :

Numerator = Derivative of Denominator
Pldx - Qldy + R1d2=0 |

Integrate above equation to get solution



Ht v €

:LJLFZL
8= -y

0~ — 7%
Py E4q"
FBRE L

p a '—Rp

Q.1 Solve the partial differential equation (y*+z*)p-xyq=-zx

@7’4- ZL)}:——V\?7 = - K

. = dy
‘2&+ZL =y
T T
T )
dut — dz
P
_@k%r,:ﬁt%w
? 7

gt
logy = fogz + Jog ¢
Logy =y =
log ) = 455
=4 [-0




g__]:akmj " t),z aA Mulh/)//tY L b}i’ z _ ¢
L

~

{vé\(,ﬁol’? oy _V\dlfl += idj 1‘26{‘2

M — 2| Tyt = 26

ealh 6\!61/(/70”1 = ndu +ydy +?J{¢

e &

O [enty od SoLmﬁOQ
v\ 2dz = O i
e ML W) T
SV\&Y\P SUXO(V)(Jr Szdz, = -




Q.2 Solve: (y +zx)p-(x + yz)g =x* — y**

Auy. £
JfM -~ J‘LZ ) = dLZ- e F@
l3+zv\ —-Vt——\z}?_ L

ow

(Sem. 2022)

€ 4 Uh ﬁvm/h on = MAH%?A?-ZQ’Z_
®,




& Tﬁl(lmg (? % l) W O Mq/h}z/;(\/

f/(v\?) +/dz — 0

)1‘21—2 ——:—CZ_

hangradd Soluhion

O(M"-}—?L—é’) \«ta+2> =)




Q.3 Solve the following differential equations x* (y-z)p +y* (z-x)q =z* (x -y).

MZ(‘Q"Z)#H_ ?2'(2 —-v\)z = ZZ(M—W

Ay E@j)

(Sem. 2013)
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Q.4 Solve the following partial differential equations : x*p +y*q = (x +y)z (Sem. 2015)

2_ d
hogt e | 1B | eyt
Auy Eq) —L =7y TE A eah {ration= O’Z";%
Vl E——
du - dy — dz
. Dty = ik
2 1 2 +y)2 i tcu)nﬁvowh'on = dn-9% _




& i _dy - gfwz = gf?-)%w fogz = Loyln-g) +47
T W 1032 = X,o?(w-‘j)x G5
= {w-r]L

il =29= ¢ |—C
e |

dz_ = dn-ty hongvad SolwtoN)
i

iz - (dv\y\—d”) Q(Jv—(lq )zﬂ\ S




Q.5 Solve the following differential equations : (y* + z* — x*)p-2xy q+2xz= 0 _@_

(jL*’ZZ—”L)F_”W +2uz =0 _dL:”’i
e+ 2=n)p —2nyt =TAE .

Aux Eg’ j%@- :}%Z_
“a‘{:}_iz - A_V")z vy L . O it
R A BT E Y

@, m) o y =2
N -4 |8




.“.@_ To\klﬂj(“ el 2) ay a muwlhpliey

2—

C(u,{q{ymm— Y dn -l—‘yafli—zdz
M? + u 25—y -21/\2 c—2n2

~KBL~V\ZL— Vls
4" _dy _dz = M/vwﬂbﬁ?—d?—
\3+zl n- ~2vxj - 2wl e 1.,m}
111 ™

2%







/) 6%:0+I)p+(3+x)q=x +y

@fZ))? + (z+m)z = nty

Any F@V)

Taking (0,1, ~1)
phion = dy=d2
ealh /BYa 2+y(—)“’—‘a
— —dZ_-
— (?_,2__)
T@KU’\?( [ 1) ah a mulhiplitv
+dy+d2Z
ol fradtion = og\irzgz‘wu—vw\}




_L‘L :i'l_ — d= = m‘n-d}_ . 6{3_4{2 _ ,{vx-;-dm-d%

gtz 2T ry)  <ly=)  alnyre)

1 s ' Tv 5708 VI
v '
dn—dy _ dy -dz n-Yy < (y-2) ¢
+(n-Y) (%) Ny — &)
jdtw-akv; - 34‘3 .,i___% i
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Jog o) =Ll | iy, _ e
Loy = hegla e | =0 2(wryr )
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@ Non - Linear Partial Differential Equations @

Some Standard Forms
Type — |
Equation containing p and q only
fp. @) =0
Steps to solve

step-l  f(p, q@) =0 ) ) @
Step-ll Replacep byaand q by b Sk—cf —\ PLJ(' |V

f(a, b) =0 @)

Step-lll Find b from (2) in terms of a
Step-IV Complete solution is given by

z=ax+by+c @




@Q Q.1Solve: p+q=1

T oprg=1 — O
RQI)M(} 2 E? a amdi éx? L
a +b =1 @
b= |— &

complete Solwien 13

7 = 0Nt (\-@”3*’9

Q.25olve: \p+.q=1

e =l —Q
Replave b by 4 and g by E
Ta¢PIt =) —&
e =1-Ja

b =(-T%)

comple S olwhon 1A
Z —_ O\Y\ JF\O\&*'L'

T
2 = WY (\—Ta) \3*/('

&



.@_ Q.3 Solve the partial differential equation : p* +p = q°
}72’ -+ ,7 — . @ y
7 — PU\ f_’ Jo | N @

2. = gl mb—hﬂ)\g"’g

Complete selwhon A
6 = O\V\J\/\OVXV’Q —'®



Type - I
Clairaut Form z=px+qy+ f(p, q)

Steps to solve

@

Step-l z=px+qy+ f(p, q)
Step-ll Replacep byaand q by b in (1)

Step-1ll Complete solution is given by

z=ax+by+ f(a, b)




p
@ Q.4 Solve : z=px+qy+J1+ p:+ q% . Q.5 Solve : z=px+qy+m.

Z=pn+ 4y + 1+ g —AD
Replars b Eya and g 197 2

Z — av+ E&a + & F

- d OMJr—lo\a—f— 5‘+b
o




ow

Type - IlI

Equations not containing x and y
f(z,p, 9=0

Steps to solve

dz dz
Step-l Let u =x+ ay sothat p== g=63
Step-Il Put the values of p and q in the given equation
Step-lll Solve the ordinary differential equation in z and u

Step-IV Replace u by x + ay in the solution of ODE

i = 4= 0\? e@
)Y & | M _— g .
IN 92

e know Hwd

e & "Rk




@ Q.6 Solve the partial differential equation:p +q =2z
ptrq =2 — O (1+a)dz = 44
=

= so Phal
Let U w#a? o jnkm“k o

OH") JEIZZ-. = Jdu

— 42 and = adz
Aau 8 ? Jdu

Put b oand 4 0 ©

dz 4 adz —7 Q+d) Qoaz:UH—\D
| $)8E = £
ln Q%—a)&o%z = V\*’O\‘%*\Q




@Q Q.7 Solve : p(1 + q?) = q (z-a)

p(14+4) = (=) — @
)_([» i = R+ B? SDH/\/'J-

P jzu and 9 = bdz
AU

tut bandq m O

Hotl) L

Az>—— bz -4
du

bld_'é_ e bz —db—]
) Sw

Adu

J‘O’z abl) :M+C

bdo’{j = Jbz—ab-
a2 - 1 )
e lepz o\bl% E—ZI QB> = Ut
ade N
b d Z %
‘ < - &?L{ ;
3




Type - IV
éw

snmwesss Equations of the form

f1lx, p)=f2(y, @)
In these equations, z is absent and the terms containing x and p can be written on one side and terms containing y

and q can be written on other side.

Steps to solve /_\
/

Stept  f1(x, ) = f200, 4) = a @
Mt

Step-ll fi1(x, p)=a Solve it for p

Step-lll  f,(y, q) = a Solve it for q

tetg=15(y)

Step-IV We know that

dz=%dx+:—; dy =pdx+qdy

Step-V Putpand qin (2) and integrate it z = [ Frtodx + [ F260dy + C

P



@9 Ct.BSolee: p- q* =x-y ¢ lcnow M o™
g =y dz = pdn +14)
lut b and 1 in abeve toyafh

\/ dz:mdm-maf?

‘DL—W: a CLZ_\J e jnk?ﬂm A R
B = wnto M L - = gQ\HQ An + &waa lA\}
b:m 9 1Y+
_ 3
\.3 1Q\+Q>IL_3‘_ lm\"o\> L-*——Q

3




@ Engineering Mathematics by Guishan Sir
comrousmm PDE : DPP-6

Topic : Non Linear Partial Differential Equation(Some Standard Forms)

0.1 Solve: p+q=pq

0 .2 Solve the partial differential equation : p* + q* = 2

() .3 Solve the partial differential equation z = px + qy + sin (p+ q )
() .4 Solve:9(p’z+q?)=4

0 .5 Solve : p-3x*=qg*-y



Today’s Target

» Solution of
METHOD

» PYQs
» DPP

Engineering Mathematics .

UNIT : Partial Differential Equation

Non Linear Partial Differential Equation

by CHARPIT



7))
éw CHARPIT METHOD oW

It is a general method tto solve non-linear first order partial di“erential equation
STEPS TO SOLVE

/‘(p-l Write the given PDE in the form given below
f(x,y.z2,p.q) =0 (1)
Stép-ll Partially differentiate equation (1) w.r.t. x,y, z, p and q to find,

ﬁ Write Charpit Auxiliary equation
dp dq

R 15 A O




Sw

SATIWAY CLARMY

Step-1V Select two proper fraction so that resulting integral may be simplest relation
involving at least one of p and q

Step-V With the help of relation in step 4 and equation (1) find p and q in terms of x, y, z

NI N

Step-VI Put the valueofpandqin |dz = pdx + qdy \\//

Step-VIl Integrate above equation to get required Answer.

T g i
dz &= %5\\“ V@‘%
P T

2



@ Q.1 By Charpit’s method , find the complete solution of PDE : px + qy = pq @
prt1Yy= P

(ww—{?—'[?j o —O
b f(nye bie) = brrgy—by=©

0] — )] - M — ¥{ — w— M _ i
3N P ? 283 L > Bﬁ‘% ° 5{% i ) Bgt Y F
Chay p\v Auk EL

) _d
Ok\\ :_ﬁ/:& \> —;/

G —
) Y W D RYEERY A A
Sk % TR RTR WTUR




@_dw _ 44y _ d= _ dp = d4
"""""_(14-(() ‘(7“#) -/’(V"‘f)“‘Z(V‘/S) 1 I>+O {+O
4P 44
b 1 =aq 2@
3nk7ﬂak both S1AX Ptk b oin D,
S T b s
. + Log aqi+ 44— 91 =©
QA%\) _}0‘8‘\/ % . B 6\—-1—_—
1\0%\)__ xb?gmt @ \'D% . LL
WL - OM’”}f




__@2_ ke 1Kww HyaA”
Jz = pdn + 70‘7

dz = @vw\a)dm +(“_V‘mi'_‘l)a(?

SO\Y A {(mw)a\v\—r (““PW

2 = Jry)(on+ 2)
¥ = X@A»}}(m«w@
A




@ Q.2 Solve the following equation by Charpit’s method : pxy + pq + qy = yz @
. ;;nj g 4 ="

;Dvu] 4—&:14—6(7—72 -0 —O
Let f(u, 4,20 bif) = PryThi+ 1992 =0

WM 5 bﬁ  ird > )‘i) Y]
Chmy\t Ak B¢
) avy 1z _ dp o dq

S b Mg
R RS T e N S



@ AN = —

4

—

49
dp

P+7)

O prt+g-2-1%

Ay
- i(zmw)—f(*’*?) Fr=pT

i
pri2-=4 3

2 =5
'Mt; t Py #-7?—‘3?2 i
%o
+6L2—i"
O\V\‘-a

—aY\\a
r— Z
@+9)1= 1 )

o antz—-om
OL_

A kY

éw



"
H/\
‘/\j(’, lKnoW

A
bdn +94 (z;y\) d?
B | |
- +¥va
- adun : J}
" " I
dz — ady (V} \30\?
AW _J 2
X de- od
—

a d?
s _ [ ~25)
|4

a W
Z

H
+
(4+2)
alog

= qy\) - l}

Xog(z




@Q Q.3 Find the complete integral of PDE : (p* + q*)y = qz

(Fz+1L)?:{Z
p+1)y-12=0 —O
| ¢t ﬁ(M b}'z,’,,@ :Q)l_;_z&)?—fz - 2

bi - 0 )_B_L{_};&_*_il) >jz ‘”7,) MD‘%F\}

Clhax i Bk E‘L‘r\

8.

)BcL

=. 51 ?—Z

_da

M - aYv

MM &

L 3 -Mr o —3«—*‘?& RS

)






p=agdz-ay"
e Know Haad™
O\Z_ :#&V\‘\'(ld\a
B T
Iz :%jzl-—& AT O‘__Z\_/_),c)\a

= g = U(J?L—

2 dz — azglg}: % (J 2t —a"
(243—“15}”_’? :Jadn
J\JZL_ 0\177_

—%_ Ozkal :t

L, Jy =4

22d2— 147 \(}
zdz—&‘go\\}:é{_
1 M — VWL
1 ]“g




ﬁ Engineering Mathematics by Guishan Sir
e PDE : DPP-7

Topic : CHARPIT METHOD
0.1 Solve: 2zx —px* —2pxy +pq =0
Ans Z = ay +b(w-a)

() .2 Solve the following equation by charpit’s method : z* = pgxy

b ¥
Ans :““‘3\9

() .3 Solve the following equation by charpit’s method : z = p*x + q*x

JQ*O‘{Z — m _\’Y\g ‘\—\3

Ang



Engineering Mathematics

UNIT : Partial Differential Equation

Today’s Target

» Homogeneous Linear Partial Differential Equation with constant coefficient
(Complementary function-CF)

» PYQs
» DPP



Unit-1

PDE
Order and degree of PDE
Types of PDE "
Formation of PDE < L3

Solution of PDE

1. Lagrange Method L “ L 5
\Z/Some standard form of non linear PDE
- Charpit Method

» R -

4. Linear PDE with constant coefficient

(a) Homogeneous Linear PDE with constant coefficient

(b) Non-Homogeneous Linear PDE with constant coefficient
8. Equation reducible to Linear PDE with constant coefficient



@ Linear Partial Differential Equation with constant coefficient Eﬁ

Linear PDE with constant coefficient

Homogeneous Linear PDE with constant coefficient Non-HanogeneousUTrPDEwlthconstontcoefﬁdm

(All partial derivatives are of same order) (All partial derivatives are not of same order)

Complete solution = CF + Pl Complete solution = CF + Pl




@Q Homogeneous Linear Partial Differential Equation with constant coefficient QQ

General equation

0"z 0"z
@05t MG m—iay

e, +a.—=F(xoY)

0"z
v 2

a _  _
Put—==0D anday-D

f(D,D")z = F(x,y)

— P

CF Pl
Complementary Function Particular integral
Number of arbitrary function = order of PDF Does not contain any arbitrary function or constant




QQ Steps to find CF

/fEP-I: Convert the given PDE in the form

Using :7=D- =03 2=D,

f(D, D")z=F(x, y)

7 STEP-2: PutD=m andD' =1 in ()
fom Vz=Fx.y) — ()
STEP-3: Form Aux. Equation
f(m,1)=0

STEP-4: Solve to find roots of Aux. Equation



@ CASE-1: When roots are different

S. No. Roots of A E C.F
k—-———-
i my,m; A +myx) + fH(y + myx)
2. my,m;, m; iy + myx) + fL(y + max) + f5(y + m3x)
3. my,mymz mg | [ +mx)+ Ly +mpx) + 5y + mex) + fo (v + myx)

Note: Where f,, [,, [; ... are arbitrary function



__@_QI Solve: :’7:-—% -0
)Lz )z — sl ll—l
n® )72- LF = g;(\?—kM'V‘) 1 £L(7+MLH)
DL_D\Z - i W
( ) cF =8 (9E8 + 4 (4
fut D=m_ D' |
PT =%
m =1z = (oWblete selulion
Arux ECLV) Z:(F‘*’?L
. .
n ~| =0 Z= {\\(ww\ﬂl\“};y\}




@ Q.2 :- Solve the following partial differential equation : ﬁ""

Pt D=m D =!
(m-+uUm-5)z =
Aux E{q

M +Um-5 = O

9%z 9%z . 9%z -
axdy " ayr

M:l
" = ~5

( F = /ﬁl(lj+m|n)-j—/LLCk3+m7_u)

CRx {(y+n +{,(9-5%

L =8
Comblete Stlwin o

e (}:‘\L’-\)I-

z = { Ly +, 15




@ Q.3 :- Solve the following partial differential equation (D* — 6D*D’ + 11DD'? — 6D )z =0

(DS_GDLD'wlDl)'L—éD'})z:O
fuk D=m and D =/
(m—6m +1im =€)z = O
Aux E¢

mns_ QML+\\W\—€ = 0

m:3|‘;1

CF=f(9tmm) t{ (ytmu) + ] (g+mn)
i :g,('zﬁ-}vl) +{1(‘21—H) 4—13(74-2»/\)

rr =9

(om}:\ck svluwhon

Z:(F—+PI

ow

Z =4 (4re) ) H v




@ Q.4 :- Solve : Q-ﬁ=o_

=~ ax* ay*
)Hz QL'Z — e
In? )7"’
(DH* DIH)Z —
Put— = P , D‘ =
(N:“‘\>Z == O
ATNS E@”

ow



@ Q.5 :- Solve the linear partial differential equation

T\

)z

In’

o'+

T )714

)HZ —

K

0

.
ax*
+1 =0
5
+im+1=2m
E b
() +2m 41 = 2m
:. ;

'z

ay*

ml-} Jam+| =0

M:—J_)_ijl*j
Z
=2y X
5 = 2
. £zl
m J'z,t JL

ow

sz-l'ﬁm +l>(Mz—Jlm+Q = O

mL—IZM‘*’I —




CF = f(rmn) + {Ltm) +4 () +, (41 mun)

CF =l AOrRDHE(yram+ 4 (1 2n)

rt = &
Complete Selwhon

-z = (F g

—_—




@ CASE-2: When roots are repeated

S. No. Roots of A E C.F
r—-—u—u
1. m,m fily + mx) + xfo(y + mx)
2. Nt fi(y + mx) 4+ xf,(y + mx) + 2 f3(y + mx)

Note: Where f,, [,,[; ....... are arbitrary function



CF = (yrmm)+ “Q“\*WQ
k= b (yrLn) Sa i)
COMPICIe Salnon
L. = (- "FPX_




@ Q.7 :- Solve: (D* —6D*D' + 12DD"* —8D"7)z = 0

(D— ¢p 0 +12 PP -8D )z=0
fut D=m B= |

(M —6m +igm—8)z = O
AU E{)

e (M +12m—-8 = O

AR

|

R

ow

CF = {(yrmn)+ Vl{z(‘?’f"”")“”{s(g’rm”)

(F = [' (912n) +n[L(»3+-zn) + Ml'gl(‘g-*'?_r\)

1 =9

complete S olwhT o

> = (F+ P




@ Q.8:-Solve: (D +2D')(D—-3D")*z=0

Aux EQ”
&
(m%‘i)(m-%) = 0O
M = —2

I

éw

r s é| (‘)*f’M.Vt) +\{L(‘9+W‘“) +”{3(?+’“"‘ J .

| (F= é’(j-in)+{L(ta+’m)+V\{S(?nt}w)

P =0

(OM)D\OL( So|whon

¥l :_.(_\:‘\'PT—




@ CASE-3: When D, D', both D and D' are common factor

(i) CF corresponding toD'z = f(x)

(ii) CF corresponding to D' * z = f1(x) + yfa(x)

(iii) CF corresponding to D' z = f(x) + yf2(x) + ¥ f(x)
(i) CF corresponding to Dz = f(y)

(iii) CF corresponding z f1) +xf2(y)

(iv) CF corresponding to Dz = f(y) + xf,(y) + x*f5(y)



| éw

| (F = gl@w 1.(ytn) *‘1313'“)
PL =0
| (bmplete solwhov)

T = (F+PL

z = H )+ ()




;
D Dw
A )
(D?
N : LD
( | ‘32
DF B (‘”+b))lnz
F—_—_ ) | |
:j o | o
BL L D
V\)Jﬁ (\U th(_-Dl
" m D:
K n: :
) ( I:M

I (;LO

: (

%S(j F

St“am L :“
- y\ 'ly
") > ;mj’:zw
t “
— i M)L(v
: So+;+—
p- OM)“
i W




Engineering Mathematics by Guishan Sir
éw PDE : DPP-8 éa

i Topic : Homogeneous Linear Partial Differential Equation with constant coefficient o
(Complementary function)
Q.1 Sove T L _g¥1_o  Ans 2= Gyt by

axz  axdy ay?

3z 3z 3z
.2 Solve — — .
Q ax3 3 axtay ¥ dxdy?

=0 Ans 2z = () + |, ()t { (4+)

0.3 Solve:4r —12s+9t =0 Any =z = ﬁ,(“«i*%ﬂ*wlwwﬂ)

0 .4 Solve (D3D' —4D?D'? + 4DD"3)z =0 ¢
&= \)\(vﬂ T kzk\/\} T &\3(\')*1& ¥ XV\(\%H\@



)
}_.ﬁ:i Engineering Mathematics _@f_

UNIT : Partial Differential Equation

Today’s Target

» |Homogeneous Linear Partial Differential Equation with constant coefficient

Particular Integral(Pl) : Case-l ( T VFPC - \>
» PYQs
» DPP



@Q CASE-1: When roots are different

S. No. Roots of A E C.F.
1. my, m; L+ myx) + f,(y + myx)
2. my, M, M3 S+ max) + fo(y +max) + f3(y + max)
3. my, my, ms My Lfl(y +myx) + fo(r +mex) + 3+ max) + fo (v + myx)

Note: Where f,, [>, [; ... are arbitrary function



@ CASE-2: When roots are repeated

S. No. Roots of AE C.F
h
1. m,m fily + mx) + xf5(y + mx)
m, m,m

fi(y + mx) + xfo(y + mx) + x*f3(y + mx)

Note: Where f,, [,,[; ... are arbitrary function



@ CASE-3: Whe both D and D' are common factor

SATIWATY CLARMS

[ (i) CF corresponding toD' z = [(x)

| (ii) C F corresponding to D’ 2z2= f1(x) + yf2(x)

(iii) CF corresponding to D' ‘z= f1(2) + ¥f2(x) + ¥*f3(x)

" (i) CF corresponding to Dz = f(y)

Lﬁii) C F corresponding to D ‘z = 1) +xf2(y)

(iv) CF corresponding to D z = f(y) + xf,(y) + x*f3(y)

@



) Homogeneous Linear PDE with constant coefficient
e}l (All partial Derivatives are of same order)

Particular Integral

Case - 1
@: ¢(ax + by)

Where F (D, D') is a Homogeneous function of degree n

Replace
D=a,D'=b

Pl

1

= 7o, o) P@x+by)

Pl =

1
Flab)

[ p(w)dudu ... ....ntimes




ﬁ/w TYFE—£
ew IfF(a,b)=0( Nex Lf(*Wf)

SATYWAY CLARMY

Type - 1 Type - 2
$
(i) When power of D > power of D’ When power of D’ > power of D’
| b | b
(i) P1 = x : glaxs ,y )] Pl=y : giar ,y )I
3p F(D, D)] 57 F(D, D))

Again Repeat ifaio [F(D,D)] =0 Again Repeat if% |[F(D, D)] =0




I_mmmmm

D ZsmAcwsg = sin(A+B) +5IN(A-B)

@ 20sAsing = Sin(A+B) - siN(A-R)

@ 2wsAesk= (0s( A+ B) + Cos(A-B)

(W) 9 s\DRA SING = (0% (A-B) — oS (ATD)

A



Pu  , Pu Pu _ 42y e@
@ Q.1. Solve the linear partial differential equation Fr) 3 3520y + 4 = ol

T s pudb — T m=-| 2,2

on® ))4”7 )7% i : ) + %( ) : )
nr2 K F = - t2n )+ N +2n

(DZ—EDLDH—H D'K))u o y g, ! ' ? sz

L

WM+ 2
_— \:, - , - jr
Put D=m, D ¥ D—3DD +up?

W+ 2
> s = £ 1
(M-Em‘i—w PMD:\ID\Zi 1 M—kiv):u

r
Auk £ —_ | B \%&eu dudu du,
MB—EMLM =9 TR YRS




— ~—)——€
'L = %3

I CM+??
it =

Complete Soluhion
U= CFtPL

x+2}
( ) \_& L\»p—ZV\>+Y\§l(\B\—2V\> e 1 €
TR




@Q Q.2 Solve the linear partial differential equati

)2 _ 20z % — SIin(zn+3
dnt )M\J 332- ?)

(D—2DD Fot)z = sty

62
aay ayz

m =1, |

= sin (2x + 3y).

(" = El(yﬂa) + 1 g;,(w—m)

D=-2pD+P*)

Put D=2 D'ZZJ 2V\+3j‘—u

b =) %S&MMMU\

U-1r+19

ow

PT =~ Sin(n +29)



£omWfk Colution

'Z_—_:Cl:‘/"Pr

Z = K/(‘ng n)+ Y\gz(vo;w)— Sm(ﬂws?)




@ Q.3 Solve:r +s—2t=,/2x+Y.

O Yts—2t =JIn+y

)= 4 % —”;z _@n—fy)yz

In- )M)j 71_

g ¥
<D1+ DD'_QD\)Z :(.?VH-‘J)
ut D=m, O =

h
(o 4 M-z = @)

—

Ay £

(UPTU-2015) \9@

M Fm-2 =0
m:_l/—f

CF 2 () 4,2

PI | aniy)™

D*4+ DD -20%)




VV])7 (H I'
a)

L
=

— ff =
==

)5/7_
7 (?m-g,
[(\J—ZM) 4—,__5_

n) + 3

z zgl(‘;f




@Q Q.4 Solve the linear partial differential equation

Yz _z_ﬁé —

Int 3“}?
Q)Z_ 25 DI>Z — SINA 60827

31N K 60s27

D(D-2D)z = Smn ey

2 =6 (D—QDWZ’— O
SRR
\ QFV—?}Z-_" O

%—Za:ay—sinxcosZy
—— (AKTU-2018)
( E = é (Y +2n)
¢ )t (gt
| Gwnw (052
p | 2 SN wgi\a
“2(r=2n)

ow

SATYWATY CLATENY



FL =
2(D -2DD)

M o=
.?(D-JDD)

FI :.Pl-"-PL

P =
2(DH-2D0)

P\At D:\|D

[SM(MH?) t Sin(n-z J

sm (7 LUHJ(D -
DD

N S\n(\/\+2\2)

=g, whaysH

| = 7\\(\_L«) &Sg\v\\J\AU\AU\

I%m(n-iy)

F; :—é(”S'WM)
f = _CLSM(M Fiy )
o

6_5( - S1n (n—2
D-2DD) 2)

Pujr = | D\:_'2

n-24 =
= -
) z(HM>Sg$hMAMA%
y = A (- )



COVV)}DICJ—C S0l

7 =LF +¥FL

e

Jg‘(\p ¥ {}‘3*—9&’\) 5 jé— sm(vwz\p —-\TDS\V\(\«\— Q\g)




#*z

@ Q.5 Solve the linear partial differential equation =3+ %:-

i T 3
bz. 4 )32?- —
T

LDZ4_ Dl l)? — (OS5 MNn (OSﬁj + 30(2M+\J)

(smutosny 1 3o(2n+y)

Put D= M =
(mﬁ_‘)z — (0SMWN wsvwg +10(2“+7))
Auy B¢
M+l =
M= =

O
E

o —

=cosmxcosny+ 30 (2x+ y).

(GBTU-2011, 2012)

CF={ (9t +] (y=in)

|
D*4D ¢

FT =

_—

_
T = (Dz JrY\)L)X 2

9 LOS I LS F30bM

ow

L(OWM (osny + 30(2n+(7)

N

—_—



1 :@L]JrD‘z)[ff

(os (mn+ny) + 65(mn-ng)| + zo(zng):)

o (5 (mnny) 4 —— (08(mn-ny) 4~ L x30(21+
£ 2(D'+0") Y Z(D*+D'%) ? 0™+5%) b)
Pl = F N o PB

= o (05 (mntny) N
F’ Z(Dl-k\jl) R —2_(ml+ nL>(OSu

Pat D= vy D\:m‘mmhj:

‘ \ (OS(W\V\‘\'Y\\'A>

= e g gww du du i 4 1)

(40




I = Dz_lJrDu lo(anty)
fut D = 2 D,:)l ZV\+?:M
P, = - XEOJJM du dy
6
P, = L=rFeX %LOM
/LD/ 5
=
3 K <
PB‘:@V\+‘>>




T = P R

- —| nTn vS (mn-h n 3
& z(m"ﬁ—nL)(m(m ' ?) 2(m +nL)( L \J) +<2 +DJ>
3
. :zimllm)[c"”““*”?ﬁ”S(W*w)] +@nty)
= _W 'l
SO z/(ogmvx cosn (2w +
F‘L _ )2(( ”'n)g \}—— ( j)
PT = =1 ((oyrn LOSY\\'D +Rn +\\>
M-+ N-

(.om\> \efe $eluydn

- = {F=+ ¥ L




@Q Q.6 Solve the linear partial differential equation (D2 +7DD'" + 120'2)2 = sinhx .

WW(DH?DD' + 12 D‘Z’)Z = Sinhn

ut b=m, p'=|

(v +Fm +12)2 = Sinh(ntoy)

(AKTU-2017) ===
(F =4 (y-3) +{ (9 -tw)
PT 5| SML)(VHO‘;)

(D*+#DpD'+12D")

fut D=1 D':O, »«+0LJ=M

PL = K\ L 570 gx%w\\\udum

1L = % L6 ShW AW




PT = Sinhu

PT = SIMhw

o

(omblete SoluhoV)

[

N
|
M
T
__'.
>




Engineering Mathematics by Guishan Sir )
@ PDE : DPP-9 Sw
" Topic : Homogeneous Linear Partial Differential Equation with constant coefficient s
> Particular Integral(Pl) : Case-l

; o o . .9t 3%z az
() .1 Solve the linear partial differential equation axz + 3 e ay yz =Xx+Y.

Z =3 (4 F([(y-1) + (49)
2 3¢
9%z 9%z 9%z

() .2 Solve : =g 2 — by + r e = sin X (MTU-2013)

z = [y e} = >R
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}_.ﬁ:i Engineering Mathematics _@f_

UNIT : Partial Differential Equation

Today’s Target

»| Homogeneous Linear Partial Differential Equation with constant coefficient

Particular Integral(Pl) : Case-I(Type-2)
» PYQs
» DPP



ﬁ Homogeneous Linear PDE with constant coefficient
g (All partial Derivatives are of same order)

Particular Integral

Case - 1
F (D, D'y= ¢(ax + by)

- 1
Pl = F(D, D:)¢(ax + b)’)

Where F (D, D') is a Homogeneous function of degree n

Replace
D=a,D'=b

TYPE-! gr@b)#0

put ax + by = u,
1

Pl=ceh

[l p(w)dudu .......ntimes

@



If Fla,b) =0 (A5¢ Ojﬁ ém)mvé

w // Type - 2

(i) When power of D > power of D’

(i) P1 = x

1 x¢(ax+by)l
0 ’
S5IF(D,D")]

Again Repeat ifa% |[F(D,D)| =0

When power of D’ > power of D

1 x¢(ax+by)
Pl =
Y [ Zirm, ) I

Again Repeat if% |[F(D, D)] =0




@ Q.1 Solve the linear partial differential equation (D — D')* z = tan (y + x) e@

T h-D)z = knlytw
Put P=m D = |
r-1)% = Fan(yt1)
Aux Eg"

o) = ©

= |, |

CF = %‘(”3 ) T3 M\ﬂ\’\)

E I — , ILC*V\ e
1 @_D|)z (‘W—M) %(an i;QIJMY{
[71 . é('p 4)’) h(‘g‘l'\“) {(431 ofgmlwfj
PT = % L fany ) = 2 ban(yn)

K

Comble b solwhen is

98
Z,:<L+?LZLHW&WMQVM*%@MV®




@ Q.2Solve 4r —4s +t = 16 log (x + 2y)
y—Us+t = 16dog(n+2y)

2 45 | e
Mém y 337 + = 16903/“*27)




éw
T
— B
x4 1
og/n 7
)

J
(4D-D)
><2

nga
n Cas
ig’allbwfj

r1 =
YIL
prers
"
[
02( u+2
)

PL
)
¢
(V\
+27>

(
1%
b
£ &
ol uwho
n
| A

Yl
= %
F +
P
s

éw

£

£( =
‘ lg
+%)+-
m{
\] -
M>

zﬁﬂoz(
*21)




é) Q.3 Solve the differential equation : -

‘Sz. 9% >5Z ——
37_ dzm_zz. T Ju 3 n
)nJ? ) y /
3
(prp'—2pD +DJZ =5z
D(D—2DB +D )2 = 4
Auwk €4 X
N= b - any ) =0
: M — 3w Tl =
LEF 7 %\(\\) 2

— ‘ = \+o e
B0 -208" +D°) )

{gasc %V J&o\,\\\/\X%




éw

(OW]PlCl'( Colbwhion I'A

P S o

Z =Pl e -gAog




@ Q.45olve (D3 —4D2D' + 5DD'2 — 2D'3)z = e¥*2X 4 (y + x)1/2

(PE-Mﬁb“+SDBL~2852==€ﬁQK+Cg+mYz
Tt D=m, D =| \
(MB—L’IML +5m -2)z = C%ZMJr (‘ﬁ“)/L
A E{)
=

m—Ym + 5 m-2

VR i
(F = {)\(LW»«) +WQL(\%*\> t ubﬁ\q

(AKTU-2017) e@
ht2 1 \2
F-_ _ 3, "+ ;('a +(‘3-’M)
. D-upD'+5Dp=—21p'® —/
Ut 2n
' = c

5D +5PD =2 ) A




@ — | (wzm

A | (DB_L’DLD""SDDH'—,?DI:")

/’a«LD::f, b= |
Ytin
[| = | ¢
(8-Ié+|0—2)
{(0\56 be) gmlbwf)
4 +2%
Pl = KK \\ C

o= gDV +50")
| -
Wt D=2, B, yran=l




& ) (ase 4 furu]
_ 0 | ) M\/z
f = " Zw_w) (9w
t D=1 D'=1 G+n)=H

V
- y\LY\ \ JU\)—U{M
)



)3;_%}: Sinn L8y
@L_ DDI)z = Slmvzco$7
p{p=0)z = Sy
Aux.Eq
p=o |D°F
M-\ —
&5 _-\s|ﬁ> M= |

ow

SATYWAY

N1 W“@

%z 9%z
52 aegy — Sinxcosy
T — |
R S
[ ooy sy
s |
PI _Z(DL_Dbl) éS N LOS?)
- - Sin(nty) + Sin(n-y)
& ?(Dl—DD‘){ L‘J Da 3
-~ sin(ary) 4 — .
PL ~ 2(3-00) 2 (D-DY)






éw =~ sy

—— g

h-_ - —% (,0’5(14-»-?)-—'(/-] Sm(n—?)

(Om}>lel-< S 6|01




Engineering Mathematics by Guishan Sir
@ PDE : DPP-10 @

DR Topic : Homogeneous Linear Partial Differential Equation with constant coefficient T
Particular Integral(Pl) : Case-l (Type-2)
a3z 3z 3z

() .1 Solve the linear partial differential equation =" R oxioy oxay: 4sin(2Zx+ y).

Ans {(y) .}.gz(lg-}'ly\) +V\£3(‘91‘2V\>— y\L(,O’g(Z,VH-j)

Q.280lve:2r —s — 3t = S:X—Y

Any 2= {)|(‘g-v\) + ti“ﬁ* %m> + ol

e

(0.3 Solve: = 7 0. _ 6ﬁ = sin (x + 2y) + e3** (UPTU-2014)
' ax3 dxdy? ay3 '

A 2 = (904 | [ +{ () -4 SO F 8 e
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}_.ﬁ:i Engineering Mathematics _@f_

UNIT : Partial Differential Equation

Today’s Target

»| Homogeneous Linear Partial Differential Equation with constant coefficient

Particular Integral(Pl) : Case-ll and Case-ll|
» PYQs
» DPP



ﬁ _Homogeneous @ PDE with constant coefficient
e (All partial Derivatives are of same order)

Particular Integral
Case-ll

F(x, y) =x™y"

|

Pl =55

xm yn

PI = [1+ ¢(D, D')]"! x™y"

Note :-
(i) If n = m (Taking either D or D' as common factor)

(ii) If n > m (Taking D' as a common factor)
(iii) If m > n (Taking D as a common factor)

@



After taking common, Apply the formulae given below

1) A+x)1=1—-x+x2-23+x*+ ....

2 A—-x)1=14+x+x2+x3+x*+ ....

(3) A+x)"2=1-2x+3x*—4x3+ -

(4 1—-x)"2=1+2x+3x2+4x3+ -

@



@ 02 2 62
Q.1 Solve : —+3 +2—-12xy.

dxdy
(Dﬂ- 2 pp' +20°)z = !2‘*’!?
Put D =m D =|
QY\L+ 3+ 2)z = lany

Aux E¢”

M +3m+2 =0
(M+1) (M) =0

N\_——'\|-2

(UPTU-2015)
== - -2
C ﬁl(ty ") H{ (Y-
|
'l = k3%
([)"Jr 3D D +20'%) /
g | _12ny
DL[I 323D L ab )
D Dz—

ow

2D -\—oib>‘X oy



BT DL wd v x
i . 1

=B % Iy

l:__lé_ A —7_>_D|(V‘ )_\

P DL[ \3 D \JJ

% Db — ] W

Sht I

_‘mla

(om[vlti—c jo!mﬁ_()ﬁ

Z:(F+PI




u Pu = W
'%"%zﬁﬁ i = |y B
B ”373 (F = {|(‘9+n) 4-1&(7,»»\)»4) +g3(‘2+,1,\>1m)
By Loah 5 3
- >Ul —M? — | N . D
S o R L a
; &S
33 g | W 1> 3
w0 i (e ﬂ PL Wyt D w
D
Ak Egquation ..




- o
o COM/JHR solufLon 1s s s
4
20 (I =R¢ = —rL
9

20k Ix XTI U = g|(tj+n)+-él(\a’rwn) +i3(%+t~>m) +

1 (S y

%4
s wy | N
10030 \2% oo DO




CASE- Ill :- General case

Any Function of (x, y)

1

Pl === #(x, ¥)
PI = ‘ o(x, ¥)
= (D-myD7)(D-m3D7) ... (D—m,D) 4
l p—r p—
(D-myD1) ¢(xo )') - I ¢(x. C mIX) dx

fut

\-%: Q_m\\'\




@9 Q.3 Solve : (D2 — DD' — 20'2)2 = (y—1)e*. (UPTU-2014)
(DZ_ PY - 3 D’L)Z :(‘7—06& CE = él(?-w) +~{L(7r2m)

_ W
5 S 1 -
(M—M—Z)é —<‘9"‘)€ F ) b At (‘9 )¢
V)
Aux E¢ ot _ \/3 ) o
w%_m~7\: (D'FD)(D ib‘

(P +1)(M-2) =0 . :Kb . \M}







2 2 2
@Q Q.4 Solve the linear partial deferential equation - 4 2o T 6 a_ =yCcosXx. @

W_Z A
B _65_7:_ = [0S W
32 )y\b? )?L Lg

(b* + pD —¢' )z =y
Put D=m, D'= |

Ay E‘Q

m ym—( = 0
(M-2)(M+y) =0

ax2 dxdy dy? .-
= 3 —_

(B = ﬁ(lgf—ivx)-}—/g 31«)

|

rL =
(Dl +DD‘~ ( DIL)

L;L()SVL

FT1 = | \QLOSW

O -2DY)( DHD)

T :® jb>\b+‘gb \aLU\V\}




@ T -@-)-ZD') J@fBM)COSM an

| f(( X(osu + 314(03)4)&/)(

‘ | f(/omdn +3]n wégdmj

l C smw+7>1( (Slvm) lx w\y\))

D-2D' [

-
| ¢ S\NW -+ I SINN S lh w\v\j

D-2D

‘) N \k J‘:SY\)\\M\JV 3(0\“}

)
D_]D,[lﬂ flInn + 3(,03;5).&.2_

P :j[@‘lw)ﬂhn + (0N A X

T =

:Jé SIhn—2n SInY +“s(osw>ah

PL = CSSlhndn—jjng\ndn+

3& LW AW



’'F = — C X10§K —2{ M(-MSM)—IX(—Slm) + 3 SinA

—_—

— — (XM +ZU LN - 25In + 3 Sinn

= — (i ((*214) + Slhin

PT =—Ywsn SINW
Com PRt S olwh on
Z:_.(P + PL

— = ] (yrod) +] (430 - YU San.

B




@Q Engineering Mathematics by Guishan Sir e@
PDE : DPP-11

Topic : Homogeneous Linear Partial Differential Equation with constant coefficient
Particular Integral(Pl) : Case-ll and Case-ll|

0 .1Solve |D*+ (a+ b)DD' + abD"*|z = xy (GBTU-2011 & 2013)

Z ={(y- +{,(y-bn) + ¢ p @’J'b)

Q.2 Solve : (D3 + 2D*D' — DD'? — 2D"3)z = (y + 2)e*.

.
= 4 (5 L) + e 4 ye
Q0 .Solve: (D?*+DD' —6 D'?)z =ysinx. (MTU-2011 & 2012)

- - “\%4\-1“) w{\ M*W —Y S — (O S,



)
“@ Engineering Mathematics _ ,,@,’,‘_

UNIT : Partial Differential Equation

Today’s Target

»| Non-Homogeneous Linear Partial Differential Equation with constant coefficient

Complementary Function (CF)
N
> PYQs =

» DPP



—

ﬁ Non - Homogeneous Linear Partial Differential Equation with constant coefficient
= (All Partial Derivatives are not of same order)

Given PDE
(D, D') =F(x, y) Q@
Methods to find CF

% CASE-1:- When ¢p(D, D') resolve in to linear factors
(D-myD'—a;)(D—my; D' —a3)(D—-—m3 D" —a3)z=F(x,y)

CF =e"* fi(y +myx) + e?* fo(y + myax) + e* f3(y + m3x)

NOTE : (i) CF corresponding to D = f,(y) (ii)CF corresponding to D’ = f,(x)

@



@ Q.1 Solve the linear partial differential equation (D + D' — 1)(D + 2D' — 2)z = 0. @




oW

Q.2 Solve: DD'(D + 2D’ + 1)z = 0.

DD(D+ 2D+ 1)z =©

( F (ovvcspov\dmg to D:—él(‘])
(F 1t D=
L
W CEELEDEE )
CF = A A ¥ ATy

'T. =5

(Omplete §oluhon

~Z = (- +pPL




@9 Q3Solve: r—t+p—q=0.
TRETeRERTEY blz )?.2

)ML )\?L. y\ )j

(UPTU-2013,2018)

__:O

PP = {,(‘7+w)+gK£2[t9—n)
FE

(,OVV\#IC 3 .SO[(,Uho;/y

== 2

(E +PL

e

|

éw



g/w"' CASE-2:-
.ol When ¢p(D, D’) contains repeated factors

(D—-mD'—a)® z=F(x,y)

CF = e f1(y + mx) + xe™ f,(y + mx) + x?e** f3(y + mx)

2



@Q Q.4 Solve: (D + 4D’ + 5)%*z = 0. (AKTU-2018) e@

(D+l41>'+6)zz =N,




@ Q5Solve: r+2s+t+2p+2q+z=0.

Y+2s+t+2pt+24+2 —=O

) n* )M'} 4 ia 4 “4

—

[<D2-0—2DD‘+ 3°) + b+ 20 41 ]2 =
L(D+B)Z+2(D+S>+\jz %
D+ D = =0

CF = €_Y\t\(\g-\/\> +\\€\\XM-M>

O

FL:O e@

(omplete soluhon

Y = L= =TPL

4

—

=

)+ w e ()




CASE-3:-
When Function ¢p(D, D’) con not be factorized into linear factor

@

Take a trial solution

z = Aehxtky

Where A h, k are constants.



QQ Q.6 Solve: (D*+D'* —p?)z=0. o e

S § Alhie deke — ——
O+ D =p)z — O !
Comsldt’ 7 J(V'éj soluh o ACL\V\+K~J(L‘L+‘<Z_ FL) .
"\Vl'*'\(?
= Ac hn+ k
But Ae L ==
F~ 0w t‘{” O,

Q>+D—P)F\€V\ RIS

A K
) s Lo =En T [2o
A&D
W g LS




ﬁ Engineering Mathematics by Guishan Sir @@
“K".'{“"" PDE : DPP-12 &

Topic : Non-Homogeneous Linear Partial Differential Equation with constant coefficient
Complementary Function (CF)

0 .1Solve2s+t—3q=0

(0.2Solve DD'(2D+ D' +11)2z=0
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UNIT : Partial Differential Equation
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» INon-Homogeneous Linear Partial Differential Equation with constant coefficient

Particular Integral (Pl) : Case-1 and Case-2
» PYQs
» DPP
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71 |Recorded Video Lectures (100 % Syllabus Coverage)
-2 | Pdf Notes

3 | Lecture wise DPP with Answers
4 | DPP Solutions

L
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@ Non - Homogeneous Linear Partial Differential Equation with constant coefficient @
(All Partial Derivatives are not of same order)

SATIWAY CLARMY SATYWAY CLATENY

Given PDE
¢, D')=F(x, y)
d 3
o = PT
Methods to find Pl b
CASE-1:- When F(x, y)=e‘"”” Pl — l N C (}
AY\ = \0\3 (‘D(ql )
PL &1L €
d(d,D) W (4, b) F 0O
Put D=9
\ _ b




@Q Q.1 Solve (D* — 4DD' + 4D'2 — D + 2D")z = 3*+%
““-Z | | & ’ 3”""4?
(D —Ypp +4b -D+2D)z = €

[(D— p' ) —(b—1 D')]Z Bt

3”444}

I =9 } gw+@§gl

(D=4pp'+uD D +20")

FMFD:S O\V\d D':‘/]

3m+M?
= | e
I—-UR+(y-3+9

'M«+Mj

FL = e

30

Lomble e solwinon

== %‘("A’rl\/\y + g\ {)lk\'}‘\’)-“>‘\'%:e“+m}




@ Q.2 Solve: D(D —2D' — 3)z = e** %,

i p~-2D -2 = bl

( (owvcsjs'ov\dm; +o0 D :é‘(?)

ol

(>-2p-3) = CMKL(?JFM)

i = gb) - CBM ﬁl(w—zvx)

T

1

o
D (D-2p-y

6»\ +1_\gj




éw

Given PDE
¢, D) =F(x, y)

Methods to find Pl

CASE-2:- When F(x, y) = sin(ax + by)/Cos(ax + by)

| T = | g\V\(o\v\Jr\o 3 Los(a\’\*’b"D
(D, D) L
bt D = - 0
bb\ :_—6\\:)

Bt = -

Non - Homogeneous Linear Partial Differential Equation with constant coefficient
(All Partial Derivatives are not of same order)

LWhey ¢

d(v,0) # O

ow



QQ Q.3 Solve: (D— D' —1)(D— D' — 2)z = sin(2x + 3y)|

Q)_ D—)(p-D-2)z= Slv\(zm—va)

(F = S lyen) + €l

" \
FT =~ Sin(xv+3
(D-D'-—l)(D—D'—L) 7)
L = - _swlnrg)
D DY—2D- DD + D T2 = DAY

DE— L DY 43% = 3D 42

(AKTU-2021-22) @Q

pr = | Sin sy

Y4+ 1= 9-3p+3D' +

| gmtu\ﬂﬂ

FL

\ _Sin ().\«va

:—\Bb-m‘ —\}



pr = —| x(Gp-3')+1]
[6D-30)—1] [ep-30')+]]
= (6P -3B)+I] an+
(3D-30)" - I- X :
BT = ~[3D—3D‘+Ij C)LM+’>
AD- 4 40— 15PD !
b D = =Y
B =
DY = —%

l1 :—-(3D-—3D\+’) Sm/w,,g

-36-8| +108 1

PI

PL

r 4 (3p-30
1 (3D-3D +1) %“"(““’2)

+ 1

S
| ©

"
3D sIn(art3y) =3 D $\v\(zm+3)]

+ Sinkw H“ﬁ]

- J\E P (R =4 LB )

+In (mﬂ»ﬂ]



T = _Lpgm(znﬂ\z)—zws(z + \7) )
n+73%

(omplete soluwh on

T = LFT L




@ Q.4 Solve the following partial differential equations: @
. (D* - DD’ - 2D'* + 2D + 2D')z = sin(2x + y) (AKTU-2016) R

(DZ._ DD"ZD'L+1D+1D')Z"—-S\Vl(z,y\+7)
| 1 | 2 | (F:fl(lg-h)+ éz(%’*’%"‘)
<D2'+DDI——DD —'DD~2D +2D+2D)2: S,M(LM+-\B)

(D’-—}— DD‘ = ZDD‘__2 D|L+-2 D+2D|>Z — Sm()_v\\v\-‘))

LD(D*D‘>‘2D\(D+D\> T2 (DJ“D\)]? = Stn [ty )




& .
PT Sin(2ntYy )

carvwar cLasess j X
- pD L 2p' 4 ap+2 B

= -L,f+/z.r)g+3\D+ZD|SW](LH 4-7)

PL = |

z(DJrD‘)SWMW)

L = D-D

YD) SlV\b\«‘r‘p

)
7 g el Sm{w%z)_@

Z(D?___Dll) .
pu{” ; B
D:——D]
D\L: — |

ey = (D—Dl> N[ 2Lh
(=Y +1) A

P [— -—_é_ {D g\v\(lv\Pa) -]5 X\h(lmﬂ

It = —jé_ \2 wg@v\%m— wg(wr@




IT = - thandy)

(ombplete Soluhov)

Z =(F+ PL




ﬁ Engineering Mathematics by Gulshan Sir Q/Q
& GV
BE—— PDE : DPP-13 &

~ Topic : Non-Homogeneous Linear Partial Differential Equation with constant coefficient
Particular Integral (Pl) : Case-1 and Case-2

0 .1 Solve: (D® —3DD' + D' + 4)z = e***Y,
Q.2 Solve (D® — D'* — 3D + 3D")z = &~ ¥
() .3 Find the particular integralof 2s+t—3q = 5 cos (3x — 2y).

() .4 Solve the following partial differential equations: (D* — DD' + D' — 1)z = cos(x + 2y)
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UNIT : Partial Differential Equation

Today’s Target

»| Non-Homogeneous Linear Partial Differential Equation with constant coefficient

Particular Integral (Pl) : Case-3 and Case-4
» PYQs
» DPP



Course Detai_lg(P_aid)_: All Sybje_cts

1 | Recorded Video Lectures (100 % Syllabus Coverage)
2 | Pdf Notes

-3 | Lecture wise DPP with Answers

-4 | DPP Solutions

5 | Unit wise set of PYQs

(

€ («

Paid Courses are available in Gateway Classes Application
Link in Description



ﬁ Non - Homogeneous Linear Partial Differential Equation with constant coefficient @
= (All Partial Derivatives are not of same order) &

Given PDE
¢(13 D’) =(F(x, y)

¢ FL
Methods to find PJ
CASE-3:- When F(x, y) =x™y" Note :-
If a separate constant term is present , take it common
. ¥
F 1 = b(\ /fﬁ If n = m (Taking either D or D' as common factor)

\ N
Q(D,D) _Aiii) If n > m (Taking D' as a common factor)

=3 Jm/ If m > n (Taking D as a common factor)
L = l\ + MD.@)} V\MQ“




éw

After taking common, Apply the formulae given below

(3) A+x)"2=1-2x+3x*—4x> + -

(4 1—-x)"2=1+2x+3x>+4x> + -

J{(l-i-x)“ =1-x+x2-x3+x*+ ...

JZ)/(I—x)" =1+x+x*+x3+x*+ ...




@ Q.1 Solve: s+p—q=2z+ x)y.

s+ F-1 =2 +ny

Ve L2232 o —“?
)y\)\.} N \}

D +D =D ===y
(DD -B 4+ D-1)2 ="Y

LD (D) +1(0-)Je =™
P-N (D Dz =

[

/
o5 , (D'+1) = Ev{u(n)
CF = Y (y)+ ) e
'’ |
o0
L = —-\ Y\
L b)(—\-b b)(



PT — —V\&gﬁ-y‘“”g*‘
¢ omple fe s oluit o
7 = [FallL

L = {V\ %\(\'D ’r()} &L\V\B ik M=Y 1)




@ Q.2 Solve: D(D + D' — 1)(D + 3D’ — 2)z = x* — 4xy + 2y~
.wmb(0+5—U(D+3DV§M.: fluma+27L

(F = )+ (gm0 + € (373

- | ol L
H = DID+D -1)(D+3D' -2) | MW?+2B)
PL=_ MUy +2y°-
D(“)b_(bﬂ)‘)] (-2) L‘“G)L*:%D\)] ( 1 \3>

~ | \ - L 3
= _ DY —(P+3D W —Uny L
PL ;D{\ Ry)) |- )\ [ W=y ¥ 1)



@ PI :___[I#(D+D)+(D+D)+__] [/ _,t_(JL?Jf%D') +@+%D>z+ ) "_"__]hl~b|n7+llf@
| | . ';"""““

f
il ™
PRV I o - TR A P Tt
PT = oL 1+1§.+1Dn+% +._f1_4[>'+3?ob+p+gl_ F200 +D DD+ 3D 4
ZD

P

| X WIS y\ -
‘\'\qa_\_b (V\ U\V\xa\-var \/\y\\b \»6>



1 [wi-tny+ayt+ 2@ +.5 (-mthy) }("')*M(")*” b’)? k4

T =70
7 =L [u- ,
f 7D n LW\?'!‘Z‘JL‘F_SV\ é?-—-loy\-}-lov()_}l-’-[q_llj
— /2(\9[)\ —‘4)«34-2\2 }V\—’-M\J o4 _1_]

PL = 2 [%“‘IV\‘J*’ZW—E{‘_+MW .{.li—m]

C OW\\F\()C( S ol o

Z = (- 4P1




@ Non - Homogeneous Linear Partial Differential Equation with constant coefficient @
(All Partial Derivatives are not of same order)

Given PDE
¢, D')=F(x, y)

Methods to find Pl

CASE-4:- When F(x, y) = e®*PYy
PT =] W
(> D)

Pl = c(wr\ova | _Nny)
dore 544




QQ Q.3 Solve: (D — 3D' — 2)*z = 2e** tan (y + 3x).
, A
(D—-KD -2) z = 2¢

I A

t-um(w-‘syt)

o ok CZM gl(7+3\4) T V\CM{LMHM)
| A‘C«n ‘/J+3‘A)
L (D-3D! -2)’~
't = 20 - Intoy )CW\(”AH‘Q
Ty
PT — “‘*03 tan (Y +3%)
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@Q Q.4 Solve the linear partial differential equation : (D> — DD’ + D' — 1)z = cos (x + 2y) + e”. @

(D DD +D—')z = (/03(y1+2\2) ™%

&DZ—U + b-pb Jz = cos(*’l+z7) t fk)

[@_j)( - l)—D, (D—’)JZ = (os( M +t‘7> +—<’\1

p-)(D+1-D)z = (68 (u+2y) K

(F o= e Qly)+ e LT

1= Ausonay ')
D™~ Dp' + 1)

¥,

T = b L3 F2Y)

f— c
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1

O -pD +p-1)

i = 8 &0 M

=

\ - wg »\ﬂ
(3-8 +V 1) Va>
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DD = -
o =— tos(n+ay)
—f+Z +D' -4
f, = Dj' (os(n+z~a)
Il = —Sin(n+2y)
o
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B | Con+v
Fl (D D! + Q( )
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ﬁ Engineering Mathematics by Gulshan Sir e@
= PDE : DPP-14 &

~ Topic : Non-Homogeneous Linear Partial Differential Equation with constant coefficient

Particular Integral (Pl) : Case-3 and Case-4

0 .1 Solve the linear partial differential equation : (D?> — D'* — 3D + 3D')z = xy + *?.  (caru-2011)

Q.2 Solve(D + D' —1)*z =xy (GBTU-2011)

0.3 Solve: (D —3D' —2)3z = 6€** sin (3x + y).

Q. 4Solve: r—4s+4t+p—2q = e*".
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@Q Equation Reducible to Linear PDE with constant coefficient e@

General Form

Standard substitution to convert above equation inl Linear PDE with constant coefficient

S Put x=e" = u=logx

.~ y=e = v=logy

292 _ n(p — =9
. x¥==D(D-1)Z where, D =

g



(5):

yd_y=Dz

z_ail__ 4 1 ’=.i.
y dyz-D(D l)zi where D = o=
?*z ' ' '

a_yl‘—D(D -1)(D'=-2)Z

After above substitution given PDE is converted in to|Linear PDE with constant coefficient

@



“@_ l Linear Partial Differential Equation with constant coefficient I @j}

Linear PDE with constant coefficient

V 7
Homogeneous Linear PDE with constant coefficient Non-Homogeneous Linear PDE with constant coefficient
(All partial derivatives are of same order) (All partial derivatives are not of same order)

Complete solution = CF + Pl Complete solution = CF + Pl



@ Q.1 Solve the differential equation : x* — .

2
202
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@ Q.3 Solve : x*r — y*t + px — qy = logx
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{v} Engineering Mathematics by Gulishan Sir
ol PDE : DPP-15

~ Topic : Non-Homogeneous Linear Partial Differential Equation with constant coefficient

Particular Integral (Pl) : Case-3 and Case-4

0 .1 Solve the linear partial differential equation : (x2D? + 2xyDD' + y2D'*)z = x™y". AKTU-2020-21
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